Abstract: This paper addresses the stable fuzzy controller design problem of nonlinear systems. The methodology is based on a fuzzy logic approach and the genetic algorithm (GA). I n order to analyze the system stability, the TSK fuzzy plant model is employed to describe the dynamics of the nonlinear plant. A fuzzy controller is then developed to close the feedback loop. The stability conditions are derived. The feedback gains of the fuzzy controller and the solution for meeting the stability conditions are determined using the GA. An application example on stabilizing an inverted pendulum system will he given. Simulation and experimental results will he presented to verify the applicability of the proposed approach.
I. INTRODUCTION
Fuzzy control is particularly useful for ill-defined nonlinear systems. Control actions of a fuzzy controller are usually described by some linguistic rules, making the control algorithm easy to understand. To facilitate a systematic tuning procedure, a fuzzy controller implemented by a neural-fuzzy network was proposed in [7-81. Through tuning, fuzzy rules can be generated automatically. Genetic algorithm (GA), which is a powerful searching algorithm [ 5 ] , has been applied to fuzzy systems to help generate the membership functions and/or the rule sets [16] . These methods make the design simple; however, they do not guarantee the system stability.
In order to investigate the system stability, the Takagi-Sugeno-Kang (TSK) fuzzy plant model approach was proposed [l-2, 10, 14,21-241. Anonlinear system is modeled as a weighted sum of some simple sub-systems. It gives a fixed structure to some of the nonlinear systems, and facilitates the analysis of them. There are two ways to obtain the fuzzy plant model: 1) by performing identification methods through the use of the input-output data of the plant [l-2, 10, 14] ,2) by deriving directly from the mathematical model of the nonlinear plant [9] . Stability of the fuzzy system formed by a fuzzy plant model and a fuzzy controller was investigated. Different stability conditions based on the Lyapunov stability theory [3, 6, 91 and other methods [II-13, 15, [17] [18] [19] [23] [24] were reported. Using these stability conditions, the closed-loop system stability can be tested after finding the fuzzy controller parameters, which are usually determined by trial and error. Furthermore, the ways to solve the stability condition are usually not considered. If the stability conditions can be formulated as some linear matrix inequalities (LMIs) [9, 231 , some software can help find the solution numerically.
However, formulating the stability conditions into an LMI problem will limit the realm of the stability analysis. In order to have a systematic method to obtain a fuzzy controller with guaranteed system stability, a fuzzy controller derived from CA [20, 241 is proposed. The stability conditions for fuzzy control system are first derived. Based on these conditions, the parameters of the fuzzy controller are obtained using GA.
TSK FUZZY PLANT MODEL AND FUZZY CONTROLLER
We consider a fuzzy control system formed by a nonlinear plant connected with a fuzzy controller in closed loop. The TSK fuzzy plant model is employed to describe the dynamics of the nonlinear plant. where Mb is a fuzzy term of rule i corresponding to the function fa ( x ( t ) ) containing the parameter uncertainties of the nonlinear plant, a = 1, 2, ..., K i = 1, 2, ..., p , ' f' i s a positive integer; A; E !U""" and Bj E ' R " *~ are known constant system and input matrices respectively; ~( t ) E 'R"" is the system state vector and U(/) E Si""' is the input vector.
The inferred system is given by,
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M membership function corresponding to N$ to be designed.
C. Fuzzy Contml System system should be obtained. From (2) and (6),
is the corresponding matrix measure In order to cany out the analysis, the closed-loop fuzzy (9) the following inequality,
where
(17) where E is a nonzero positive constant, it can be proved (15) implies a stable system of (9). Before conducting this proof, consider the following inequality obtained from (15) and (17).
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STABILITY ANALYSIS
To analyze the stability of the fuzzy control system of (9), (18) consider the Taylor series, 
At
From (9) and (II), writing w,(x(t)) as wi and m j ( x ( f ) ) as m, , and multiplying a transformation matrix T E R""" of rank [ -+ E~~Tx(l)~~]ec(,.,a, < -n to both sides, we have
T x ( t + A t ) = T x ( t ) +~~w~m , T H , x ( t ) A f + T o ( A t )
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Since &is a positive value, llTx(f)ll+ 0 as f + m . In order to
The reason for introducing T will be given at the end of this section, Taking norm on both sides of the above equation,
following Property /~Tx(t+AI)~~ ~~~f~w j m j ( I + T H , T~' A t ~~T x ( t )~~+~~T o ( A l )~~ (13) and T has rank n,
where ( 1 ' 1) denotes the hnorm for Vectors and 12 induced norm As T~T is symmetric positive definite (T has rank n), kom It should be noted that with the use of a suitable transformation matrix T, any Hurwitz matrix having a positive or zero matrix measure can be transformed into another matrix having a negative matrix measure (see (17)). The stability conditions derived can then be applied. The problem left is to find such a matrix T for a given system. This will be discussed later. From the above derivation and Lemma 1, we also see the system stability is not affected by the membership functions of the fuzzy controller.
VI. STABILITY CONDITIONS AND FEEDBACK GAINS
In this section, the problems of solving the stability conditions derived in the previous section and obtaining the feedback gains of the fuzzy controller will be tackled using the FA with arithmetic crossover and non-uniform mutation Fig. 1 will be given in this section. Referring to Fig. 1 , the plant consists of a pendulum rod that supports a sliding balance rod. The balance rod is driven via a toothed belt and a pulley, which in turn is driven by a drive shaft connected to a dc servomotor below the pendulum rod. The inverted pendulum can stand upright by steering the sliding rod in the presence of gravity. The balance weight in the bottom may be adjusted to alter the center of the gravity of the pendulum rod and hence the system dynamics (a source of parameter uncertainties). The plant has 2 sensors for measuring the system states in real time. The first one is a high-resolution encoder to measure the angle of the pendulum rod. Another one is a shaft encoder to sense the position of the sliding rod. The objective of this application example is to design a fuzzy controller to balance the inverted pendulum based on the design procedures mentioned in the previous section such that qt) = 0 andx(t) = 0 (Fig. 2) . Fig. 2 , the state space equations representing this inverted pendulum are as follows,
1). Referring to
The problems of finding T and G, are now formulated into a minimization problem. The aim is to minimize the fitness function of (23) using the GA. As T .md Gj are the variables of the fitness function of (23), they will be used to form the genes of the chromosomes. The'finding of the solution to this minimization problem, however, does not imply that the conditions of (22) are satisfied. Hence, different nu, i = I , 2, . . , , p , j =I, 2, . . ., c, may need to be tried to weight the conditions of (22) in order to change the significance of different terms on the right hand side of (23). For instance, one of the terms in (23) is very negative, which returns a very small fitness value. However, under this case, the conditions of (22) may not be satisfied. A small value of nu corresponding to that term can be used to attenuate the effect of that term in the fitness function. This may help the GA process to find a solution that satisfies the conditions of (22) during the minimizing process.
The procedure to obtain the fuzzy controller using the CA can be summarized into the following steps. AND f6(x(r)) is M', THEN xi(t)=A,x(t)+B,u(t) f o r i = l , 2 , 3 ,..., 64 (25) (26) The dynamics of the plant is described by, The output of the fuzzy controller is defined as,
The membership functions for the 4 fuzzy sets are given by, parameters of the membership functions of (35) to (38).
3) The transformation matrix T and the feedback gains C, will be solved based on the fitness function defined in (23) using the GA with arithmetic crossover and non-uniform mutation [ 5 ] . In order to reduce the searching space ofthe GA process, T, is set to he Ti if i t j. We set nv = 1 for i = 1,2, , , ., proposed, and the stability conditions have been derived. GA with arithmetic crossover and non-uniform mutation has been used to help find the solution to the stability conditions and the feedback gains ofthe fuzzy controller. An application example on stabilizing an inverted pendulum system has been presented to illustrate the merits of the proposed fuzzy controller. . , 
